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Abstract

In 2001 the authors had introduced different L-separation axioms denoted by GT;, i =
0,1,2,3,4. In this and a subsequent paper, we introduce a notion of completely regular L-
topological spaces depend on the notion of L-numbers presented by S. Géhler and W. Gahler
in 1994. We denote by G173 1-space (or L-Tychonoff space) the L-topological space which is GTy
and completely regular in this sense. The category L-Tych of GTj 1-spaces is topological over the
category Set of sets, that is, the initial and final lifts and also the initial and final GT3 1-spaces
exist in L-Tych. Moreover, the relation between the GTgé—spaceS, GTy-spaces and GTj3-spaces,
goes well. It is also shown here that our completely regular spaces are more general than the com-
pletely regular spaces defined by Hutton in 1975, Katsaras in 1980, and by Kandil and El-Shafee
in 1988. The relation of the GTgé—spaces with the L-proximity spaces, the L-uniform spaces and
the L-compact spaces will be investigated in part II of this paper. Moreover, the relation between

the GTjy 1-spaces and the L-topological groups will be studied in a separate paper.

Keywords: Fuzzy filters; GT;-spaces; completely regular spaces; GT3%—spaces; L-Tychonoff spaces;
Initial and final lifts; Initial and final L-topological spaces; L-proximity spaces; L-uniform spaces;

L-compact spaces; L-topological groups.

Introduction

There is a notion of L- real numbers introduced by S. Gahler and W. Géhler in [10],
and defined as a convex, normal, compactly supported and upper semi-continuous

L-subsets of the set of real numbers R. The set of all L-real numbers is called
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L-L-real line and is denoted by R, where L is a complete chain.

In this paper, using the space (I, <), where I = [0, 1] is the closed unit interval
and & is the L-topology on Iy, a notion of completely regular L-topological spaces
is introduced. This completely regular L-topological space is defined, as in case of
GT;-spaces, 1 = 0,1,2,3,4, using the ordinary points and usual subsets. The L-
topological space which is G717 and completely regular in our sense will be denoted
here by G135 1-space (or L-Tychonoff space) and the category of all G173 1-spaces will
be denote by L-Tych. For these GTj 1-spaces, the Urysohn Lemma is proved and
hence it is shown that each GTy-space is a GT 31-space. Moreover, each GT: 31-space
is a G'T3-space. For each case a counter example will be given. It is also shown that
the GT3 1-space is an extension with respect to the functor w, defined by Lowen in

23|, from the category Tych of T3.-spaces to the category L-Tych.
3
2

The category L-Tych is topological over the category Set of sets ([1]). This
means that the initial and the final of a family of GT3.i-spaces also are GT3:-
2 2

spaces. As special initial and final L- topological spaces, the subspace, the product

space, the quotient space and the sum space of GT31-spaces are GT31-spaces.
2 2

There are several notions of completely regular L-topological spaces such as
the notions defined by Hutton in [16], by Katsaras in [20] and by Kandil and El-
Shafee in [17]. In the last section, it is shown that our notion of completely regular
L-topological spaces is more general than these notions ([16, 17, 20]). Counter

examples are given to show these generalizations.

1. Preliminaries

Throughout the paper let L be a complete chain with different least and last elements
0 and 1, respectively. Let Ly = L\ {0}, Ly = L'\ {1} and Iy; = I\ {0,1}, where I
is the closed unit interval. LX and P(X) denote the sets of all L-subsets, that is all
mappings f : X — L, and of all ordinary subsets of X, respectively. Assume that

an order-reversing involution « — o' of L is fixed. For each L-set f € L, let f’



denote the complement of f, defined by f'(z) = f(z) for all x € X. supf denotes
the supremum of values of f. For all f,g € LY, f is called quasi-coincident with
g, denoted by fqg, if f £ ¢’. Denote by g the not quasi-coincident, that is, fqg
means f < ¢. For each x € X and a € Ly, let x, denote an L-point in X. For each
a € L, the constant L-subset of X with value o will be denoted by @. For each L-set
felf andae Llet sof ={r e X | f(z)>a}land w.f={re X | f(z) >a}
be the strong a-cut and the weak a-cut of f, respectively ([22]).

L-topological spaces. In the following the L-topology 7 on a set X in sense of
[7, 15] will be used. 7 is called stratified if & € 7 for all @ € L. Let 7" denote the set
of all closed L-sets in (X, 7). Denote by int,f and cl f the interior and the closure
of an L-subset f of X with respect to 7, respectively. Let (X,7) and (Y, o) be two
L-topological spaces. Then the mapping f : (X,7) — (Y, 0) is called L-continuous
(or (7, 0)-continuous) provided int,g o f <int.(go f) for all g € LY. If T is an

ordinary topology on X, then the induced L-topology ([23]) on X is given by.

w(T) = {feLX|s.f €T foral ac L}

Initial and final L-topological spaces. Consider a family of L-topological
spaces ((Xi, 7;))ier- Let V f7(7;) be the supremum of the family (f;*(7;))ics, where
for each i € I, f;i () :leiffl(g) | g € 7;} and f; is a mapping of a set X into sets
X;. Moreover, let A fi(7;) be the infimum A fi(7;) of the family (fi(7))ics, where
filri) ={g e LX |Z?§_1(g) €} and f;isa ZEllaupping of X; into X. Of course these

supremun and infimum are taken with respect to the finer relation on L-topologies.

V fi1(m) and A fi(;) fulfill the following result.
el el

Proposition 1.1 [5, 22] \V f;'(r:) and A fi(ri) are the initial and the final of
iel iel

(73)ier with respect to (f;)icr, respectively.

It is known that, the initial (final) L-topology of (7;);c; with respect to (f;)es is the
L-topology 7 on X which provides an initial (a final) lift in the category L-Top of
L-topological spaces. That is, all mappings f; : (X,7) — (X;, ) (fi + (Xi, 1) —
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(X, 7)) are L-continuous and for any L-topological space (Y,o) and mapping f :
Y -X(f: X=Y), f:Y,0) = (X,7)(f:(X,7) = (Y,0)) is L-continuous if and
only if for all ¢ € I the mappings fio f: (Y,o0) — (X;,7) (fo fi: (Xi,1) — (Y, 0))

are L-continuous ([1, 5]).

L-filters. By an L-filter on X ([9, 11]) is meant a mapping M : L* — L such

that the following conditions are fulfilled.

(F1) M(@) < a holds for all « € L and M(1) = 1.
(F2) M(f Ag)=M(f)ANM(g) for all f,g € L*.

An L-filter M is called homogeneous if M(@) = « for all @ € L. For each x € X,
the mapping 4 : L* — L defined by @(f) = f(z) for all f € LX is a homogeneous
L-filter on X. For L-filters M and N on X, M is said to be finer than N, denoted
by, M < N, provided M(f) > N(f) holds for all f € L*. By M £ N we denote
that M is not finer than NV. For all L-filters M, N, L on X, we have ([2])

L>M<LN implies £L L N. (1.1)

For each non-empty set A of L-filters on X, the supremum \/ M with respect to
MeA

the finer relation of L-filters exists and we have

(V M= N\ M)

MeA MeA

for all f € L* ([9]). The infimum A M doesn’t exist in general, and the following
MeA

proposition gives the condition of the existence of this infimum.

Proposition 1.2 [9] For any set A of L-filters on X the infimum AN M of A

MeA
exists if and only if for each non-empty finite subset {My,..., My} of A we have

Mi(f) A AM(fn) <sup(fi A=+ A fp) forall fi, ..., fo € LX. If the infimum
of A exists, then for each f € LX and n as a positive integer we have:

MeA finNfn<f,
M, Mp A



L-neighborhood filters. For each L-topological space (X, 7) and each x € X
the L-filter N'(x) on X, defined by N'(z)(f) = int, f(z) for all f € L is called the
L-neighborhood filter of the space (X, 7) at z, We may note that & < A(z) holds
for all x € X ([12]). The L-neighborhood filter N'(F') at an ordinary subset F' of
X is the L-filter on X defined, by the authors in [3], by means of N (z), x € F
as: N(F) = é/FN(x) Moreover, the L-filter F' is defined by F = \E/Fx and we

have I© < N(F) holds for all F € P(X). Recall also here the L-filter ¢ and the
L-neighborhood filter N'(g) at an L-subset g of X defined by ([6])

9(f) =V @) (f) and N(g)(f)=( \V N(@))(f), (1.2)

0<g(x) 0<g(z)

respectively, for all f € LX. We have ¢ < A(g) holds for all g € L¥.

GT;-spaces. In [2, 3] we had defined the L-separation axioms GT;,i = 0, 1,2, 3,4,
and in the following we recall some of these axioms which are needed in this paper.

An L-topological space (X, 7) is called:
(1) GTy if for all 2,y € X with x # y we have & € N (y) or § £ N (x).
(2) GT if for all z,y € X with z # y we have & £ N (y) and y £ N ().
(3) GTy if for all z,y € X with x # y we have N'(z) A N (y) does not exist.

(4) regular it N'(x) AN (F) does not exist for all x € X, F € P(X) with F € 7/
and x & F.

(5) GTj if it is regular and GT;.

(6) normal if for all Fy, Fy» € P(X) with Fi, Fy € 7/ and Fy N Fy, = () we have
N (Fy) AN (Fy) does not exist.

(7) GTy if it is normal and GTj.

Denote by G'T;-space the L-topological space which is GT;.

Proposition 1.3 [2, 3] We have the following results:
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(1) Ewvery GT;-space is GT;_1-space for each i =1,2,3,4.

(2) The initial and final L-topological spaces of a family of GT;-spaces are GT;-
spaces for each 1 =0,1,2,3,4.

(3) The L-topological subspace and the L-topological product space of a family of
GT;-spaces are GT;-spaces for each i = 0,1,2,3,4.

In [4] we had studied the relation of GT;-spaces with other notions of L-separation
axioms, and in [6] we had studied also the relation of GT;-spaces with the L-
proximity spaces defined in [19], the G-compact spaces defined in [12] and the

L-uniform spaces defined in [14].

L-real numbers. The GTgé—spaces will be defined in Section 2 using the
Géhler’s L-unit interval I;. By Gahler’s L-unit interval ([10]) is meant the set
I;, defined by

Ip = {zeR} |2z<17},
where I = [0,1] is the real unit interval and R} = R} = {z € R, | z(0) =
1 and 0~ < x} is the set of all positive L-real numbers. Note that here, by < we

mean the binary operation on Ry defined by
T<YS Ty < Yoy and Tay < Ya,

for all x,y € Ry, where z,, = inf{z € R | 2(2) > a} and z,, =sup{z € R | z(z) >

a} for all x € Ry and for all o € Lg. The class
{Rslr, | 6€l}y U{Ry, | 61} U {07}

is a base for an L-topology & on I, where R° and Rs are the L-subsets of Ry
defined by Rs(xz) = V z(a) and R(z) = (V x(a)) for all z € Ry and § € R
and note that Rs| IL,OE‘%S\ 1, are the restrictionsogf(S Rs, R° on I, respectively. Recall
that:

R(x) AR"(y) < Rz +y), (1.3)



where z + y is an L-real number defined by (z + y)(§) = V (x(n) Ay(0))

n,ceR, nc=¢
for all £ € R.

2. GT3.-spaces
2
Now, we shall introduce our notion of completely regular spaces in the L-case.

Definition 2.1 An L-topological space (X, ) is said to be completely regular if for
allz € X, F € P(X) with F' € 7/ and x ¢ F, there exists an L-continuous mapping
f:(X,7) = (I1,S) such that f(z) =1 and f(y) =0forally € F.

Definition 2.2 An L-topological space (X,7) is called a GT31-space (or an L-
2
Tychonoff space) if it is GT; and completely regular.

In the next theorem we introduce an equivalent definition for our L-completely

regular spaces.

Theorem 2.1 Let (X, 7T) be an L-topological space, B a subbase for T and let B’ be
the set of the complements of elements of B. Then (X, 7) is completely regular if
and only if for all G € B and v € X, © € G implies there exists an L-continuous
mapping [ : (X, 7) — (I, ) such that f(x) =1 and f(y) =0 for all y € G.

Proof. It is obvious that if the space (X, 7) is completely regular, then the condition

is satisfied.

Now, let the condition be fulfilled and let z € X, FF € P(X) with F € 7/
and x € F. Then x € F' € 7 and then there are By,...,B, € B such that
x€ (BiN---NB,) C F'and then x € B; for all i = 1,...,n. That is, z ¢ B! for all
i =1,...,n, and then there exists an L-continuous mapping f; : (X,7) — (I, <)
such that fi(z) =1 and fi(y) =0 for all y € B} and for alli = 1,...,n, which is also
true for all y € (BjU---UDBY), and this means, in particular, f;(z) =1 and fi(y) =0

for all y € F, for all ¢ = 1,...,n. Taking any one of the mappings f; : X — I,
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gives us the required L-continuous mapping g : (X,7) — (I, ) for which g(z) =1

and g(y) =0 for all y € F. Thus, (X, 7) is a completely regular space. O

Now, we have an example of GT3:-spaces.
2

Example 2.1 Let X = {z,y} with © # y and let 7 = {0,1,z1,91}. Then 7/ =
{0,1, 21,91} and there are only the cases of x & {y} € 7/ and y &€ {z} € 7’ to be

studied. We shall consider the first case and the second is similar.

Since the mapping f : (X,7) — (I1,S) defined by f(z) =1 and f(y) = 0 is
L-continuous and satisfies the condition of (X, 7) to be a completely regular space

and also of being a GT}-space, then (X, 7) is a GTgé—space.

The following proposition and example show that the class of G'T3-spaces is larger

than the class of G'T31-spaces.
2
Proposition 2.1 Every GTg.-space is a GT3-space.
2

Proof. Let (X,7) be GTg%—space and let + ¢ F and F' € 7/. That is, the space
(X,7) is GT) and completely regular. (X, 7) is completely regular implies there
exists an L-continuous mapping f : (X,7) — (I1,S) such that f(x) = 1 and

f(y) =0forally € F. For R%,R% € 3, we have (R%Of)(x) = R%(T) =V I{a)=1
a>%
and (Rzo f)(y) = R2(0) = ( V 0(a)) =1forally € F, and then f is L-continuous
azé

— Rz o f in LX such that N'(z)(h) AN (F)(k) = 1.

implies there are h = R% of,k
From that A f(z)(s) > V f(z)(r) for all z € X in general, we get for all z € X
s<t r>t

that:

(hAK)(z) = ((Riof)A(RZof))(z)

< ANJG@A A G
< 1 2 h



Hence, sup(h A k) < N(x)(k) A A N(y)(h) and therefore (X, 7) is a regular space
yeF

and consequently it is a GT3-space. O

In this example we introduce a GT3-space which is not G'T3:-space.
2

Example 2.2 Let X = {x,y} with 2 # y and let 7 = {0, 1, Y1,y 3 Vys, s Vit
Then 7/ = {G,T,m%,xl,x% Vyi,aV y%} and there is only the case of y & {z} € 7/
to be studied. Since f =z Vy, and g =y in L implies

N(@)(f) AN (y)(g) = int f(z) Nint-g(y) = >

= sup(f A g),

= W
N —

then NV(z) A N (y) does not exist and hence (X, 7) is a regular space and it is also
a GTi-space. Thus (X, 7) is a GTs-space.

Since in case of y € {z} € 7’ we get that any mapping f : (X,7) — (I1,S)
such that f(y) =1 and f(x) =0 is not L-continuous, then (X, 7) is not completely

regular and thus it is not a GTj 1-space.

L-topogenous orders. A binary relation < on L¥ is said to be an L-topogenous

order on X ([21]) if the following conditions are fulfilled:

(1) 0« 0and 1< T,
(2) f < g implies f < g,
(3) fi < f < g < giimplies fi < g1 and

(4) from f; < ¢ and fo < gy it follows fi V fo < g1V g2 and f1 A fo < g1 A go.

An L-topogenous order < is said to be regular or is said to be an L-topogenous
structure if for all f,g € L~ with f < ¢ there is a k € L¥ such that f < k and
k < g hold.

An L-topogenous structure < is called complementarily symmetric if f < g

implies ¢’ < f for all f, g € L.



Let X # () be an arbitrary set. By an L-function family ® on X, we mean the

set of all L-real functions f: X — I.

Let f and g be L-sets in X. Then a function h : X — [}, is said to separate f
and g if 0 < h(z) < 1forall z € X, x; < f implies h(xz) = 1 and y; < g implies
h(y) = 0. Moreover, if ® is an L-function family on X, then the sets f,g € LX are

called ®-separated or ®-separable if there exists a function h € ® separating them.

L-proximities. A binary relation § on L is called an L-L-prozimity (or an

L-prozimity) ([13, 19]) on X provided it fulfills the following conditions:

(P1) f0g implies g f, where 6 means (L% x LX)\ 6, called the negation of 4.
(P2) (fVg)dh if and only if fdh and g h.

(P3) f=0o0r g=0 implies fdg for all f,g € L.

(P4) f0g implies f < ¢

(P5) If f& g, then there is an h € L™ such that fdh and h'd g.

(X,0) is called an L-proximity space. The L-proximity § on a set X is associated
with an L-topology 75. The related interior and closure operators ints and cls are
given by:

intsf = \/ g, and csf = A g

fég gof
respectively, for all f € LX. An L-set f in L is called a 75-neighborhood of x € X

if z10 f’. A mapping f between L-proximity spaces (X,d) and (Y, p) is called L-

proximally continuous (or (0, p)-continuous) provided gph implies (g o f)d (ho f)
for all g,h € LY.

Proposition 2.2 [13, 21] There is an identification between the L- proximity § on

X and the complementarily symmetric L-topogenous structure < on X given by
f<d e fiyg (2.1)
for all f,g € L.
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Let (<) be a sequence of L-topogenous structures on X and (<,) a sequence
of L-topogenous structures on I;,. Then an L-real function f : X — [}, is said to be
associated with the sequence (<) if for all g,h € Lt, g <, h implies (g o f) <41

(h o f) for every positive integer n.

Remark 2.1 Consider (<,,) and (<,) are two sequences of two complementarily
symmetric L-topogenous structures < and < on X and Iy, respectively. Let ¢ and
0* be the L-proximities on X and [, identified with < and < by (2.1), respectively.
Then for a function f : X — [ associated with the sequence <, we get from
(2.1) that g&* h implies (go f)d (ho f) for all g,h € L't which means that f is

L-proximally continuous.

Here, to prove the Urysohn’s Lemma for our notion of GT3%-Spaces, we need the

following results.

In the proof of the following lemma we use the way of Csaszar ([8]).

Lemma 2.1 Suppose that <, (n =0,1,2,...) are complementarily symmetric L-
topogenous structures on a set X. If F,G € P(X) and xr <o Xa, then there exists
a function f: X — I associated with the sequence (<K,,) for which f(x) =0 for all
x€F and f(y) =1 for ally € G'.

Proof. Since (<) is a sequence of binary relations in the crisp case and fulfill the
conditions of being complementarily symmetric L-topogenous structures, then we
can deduce that there is a recursion process in the crisp case similar to that in the
usual case in [8] by defining the order relation <, for m € R where R denotes the
set of all non-negative dyadic rational numbers (m = $;p =0,...,2",n=0,1,...).

With this relation, the sets A(m) can be associated such that

(1) A(0)=F, A(1) = G;
(2) A(L) < A(BE), A(r) =X forallr >1;p=0,...,2", n=0,1,...

271
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From the properties of <, we get A(r) C A(s) for all ;s € R, r < s.

Define the L-real function f : X — I by f(z) = A{7 | x € A(r)}, then
reR
f(x)=0forall z € F and f(y) =1 for all y € G".

Now, as in the usual case, f itself is an associated function with the sequence

(<) and also f separates the sets xr and x¢. Hence the proof is complete. O

Proposition 2.3 [13] If f : (X,d) — (Y, p) is L-prozimally continuous, then f :

(X’ 76) - (Y7 Tp) 18 (Tg,Tp)—continuous.

Proposition 2.4 [6] If (X,7) is a normal L-topological space, then the binary re-
lation 6 on L defined by

fog <= N(c, f) < (cl, g) (2.2)

is an L-proxzimity on X. Conversely, in an L-prozimity space (X, 8) with ¢ fulfills
(2.2), the L-topological space (X, 1s) is normal.

From (2.1), Lemma 2.1 and Remark 2.1 we can easily deduce the following.

Proposition 2.5 Let F' and G be subsets of X with xrdxa in the L-prozimity
space (X, 0) and let ® be the family of those L-prozimally continuous functions h of
(X,0) into the L-proximity space (Ir,0*) for which x € X implies 0 < h(z) < 1.

Then xr and xg are ®-separable.

Proof. Let < be the complementarily symmetric L-topogenous structure identified
with 6. From (2.1), xr 0 x¢ implies that yr < X and since h € ® is L-proximally
continuous, then h, by means of Remark 2.1, is associated with <. Hence, Lemma
2.1 implies that xyz and xqg are separated by h, that is, xr and yq are ®-separable.
O

We shall use the following results in the proof of the next proposition.
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Lemma 2.2 [6] For all f,g € LX, we have

f<g ifandonlyiffgg.

Proposition 2.6 [3] The L-topological space (X, 7) is GTy if and only if cl& = 7,
that is, cl.{z} = {x}, that is, cl,xy = 1 for allx € X.

The L-proximity induced in Proposition 2.4 is also compatible with the GT}-

topologies. We shall prove now the following important result.

Proposition 2.7 Let (X, 7) be a normal L-topological space and § the L-proximity
on X defined by (2.2). Then 15 is coarser than 7. The equality T = 75 holds if and
only if the space (X, 7) is a GTy-space.

Proof. Let (X, 7) be a normal space. If f is a 75-neighborhood of z, then x;§ f’.
Hence, from (2.2) we have N (cl,z1) < (cl.f’), and therefore

i < N(z) < N(cl{z}) = N(clay) < (clf') < .

From Lemma 2.2 we get that x; < (cl.f’) < f and (cl,f") € 7. Hence, f is a

T-neighborhood of x. Thus 75 is coarser than 7, that is, 75 C 7.

Now, let (X,7) be a GTy-space and let N, (z) and N, (z) denote for the L-
neighborhood filters at x of the spaces (X, 7) and (X, 75), respectively. Then (X, 7)
is normal and a GTj-space and hence 75 C 7 and N, () £ g for all y # x in X. From
that 75 C 7 implies N (x) < N, (z) for all z in X, we get that N, (z) > N.(z) £ 9
for all y # x in X. Hence from (1.1), we have N, () £ ¢ for all y # = in X and
thus (X, 75) is also a GTj-space. Thus from Proposition 2.6 we get that x; € 75 for
all z € X. If f is a 7-neighborhood of z, then f’ < 2/ and since 2| € 75, then 2 is a
7s-neighborhood of every y € X with y; < f’. This means that f’0 z; which implies
that f is a 75-neighborhood of x. Hence, 7 C 75 and thus (X, 7) is a GTy-space

implies that 7 = 75.
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Conversely; let 7 = 75 and ¢ € X, and let f be a 7-neighborhood of . Then

f € 175 and z7 < f, which means that
(cly1) < N(cl,ay) < (clof7) < f,

and this means from Lemma 2.2 that cl,z; < f. Hence, x1 < f implies cl,z; < f,
and then cl,zqy < xq for all x € X. Thus, cl,z; = z; for all x € X and (X, 7) is a
GTi-space. Since (X, 7 = 75), by means of Proposition 2.4, is a normal space, then

(X,7) is a GTy-space. O

In a strictly speaking we can easily find out the Urysohn’s Lemma as follows.

Lemma 2.3 (Urysohn’s Lemma) Let (X,7) be an L-topological space. Then
(X, 7) is normal if and only if for all F,G € P(X) with F,G are disjoint closed
sets in X, there exists an L-continuous function f : (X,7) — (I1,S) such that

f(x) =0 forallz € F and f(y) =1 for ally € G.

Proof. Let (X,7) be a normal L-topological space. Then the infimum N(F) A
N(G) does not exist for all F,G € P(X) with F,G are disjoint closed sets in
X and hence N(F) < G'. Thus if ¢ is the L-proximity on X defined by (2.2),
then we have yrd xg. By Proposition 2.5 an L-proximally continuous function
[ (X,8) — (Ip,0%) exists and separates I’ and G, where §* is an L-proximity
on I. From Proposition 2.3, we get that f is a (75, Ss+)-continuous function, and

from Proposition 2.7, we have 75 C 7 and then f is a (7, J)-continuous function and

f(x)=0forall z € F and f(y) =1 for all y € G.

Conversely; If there exists an L-continuous function f : (X,7) — (I1,S) such
that f(z) =0 for all z € F and f(y) =1 for all y € G for all F,G € P(X) with
F, G are disjoint closed sets in X and then, when we consider the sets R% and R2
are restricted on I, we get that the two L-sets g = R o fand h = R% o f are open
L-sets such that

N(F)g) = N\ gx)= N\ R:(f(z)) = A\ (V flz)() =1

zeF el zeF 042%
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and

N@G)h) = AN hy) = N\ Bi(fw) =N\ V f)a)=1

yeG yeG yeG o>

That is, N(F)(g) AN (G)(h) = 1. Since
(grh)(z) =V fE@ AV f@) ) < A fE@A A fl)(e) <1
for all z € X, then N(F) A N(G) does not exist and therefore (X, 7) is a normal

space. O

To prove that the GTgé—SpaCeS are more general than the G'Ty-spaces we need

the following result.
Proposition 2.8 Every GTy-space is a GTg.-space.
2

Proof. Let (X,7) be a GTy-space and let x ¢ F and F € 7/. Then (X,7) is
a GTi-space and hence from Proposition 2.6, we have {z}, F' are disjoint closed
subsets of X and then, by Urysohn’s Lemma, there exists an L-continuous mapping
[ (X,7) = (I1,S) such that f(z) =1 and f(y) =0 for all y € F. Hence, (X,7)

is a GT3:1-space. O
2

We have the following example for a GT31-space which is not a GT}-space.
2

Example 2.3 Let (X, 7) be the L-topological space defined as the Moore Space.
That is, X is the closed upper half plane {(z,y) | ¥y > 0} in R? and 7 is defined
as follows: For each point in the open upper half plane, {(x,y) | y > 0}, the basic
L-neighborhoods will be the usual open disks, and at the points z on the X-axis,
the basic L-neighborhoods will be the sets {z} U A, where A is an open disk in the

open upper half plane and tangent to the z-axis at z.

As in the classical case, since there are two disjoint closed sets A = {(r,0) |
r €@} and B ={(s,0) | s € Q'} for which they have no disjoint L-neighborhoods,
where ) and (' denote for the rational and the irrational numbers, respectively, then

we get that (X, 7) is G} and it is not normal. That is, (X, 7) is not a GT-space.
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Now, let p € X and V a basic open neighborhood of p (so that V' is either an
open disk centered at p or else p together with an open disk tangent to p, depending
on the placement of p). Define f : (X,7) — (I1,3) by f(p) =1 and f(z) = 0 for
all x ¢ V', and defining f linearly along the straight line segments between p and
the points on the boundary of V. Then f is an L-continuous mapping on X such
that f(p) =1 and f(z) = 0 for all z € V'. Since any closed set in X which does not
contain p is contained in U’ for some basic L-neighborhood U of p, it follows that

(X, 7) is completely regular and thus it is a G731-space.
2

L-metric spaces. In the sequel will be shown that the L-metric space in sense
of S. Géhler and W. Géhler, which had been introduced in [10], is an example of our
GTgé—space. By an L-metric on a set X we mean ([10]) a mapping o : X xX — R]
such that the following conditions are fulfilled:

(1) o(z,y) =0~ if and only if x =y
(2) o(z,y) = o(y, ) (symmetry)
(3) ofz,y) < ofz, 2) + o(z,y) (triangle inequality).
A set X equipped with an L-metric p on X is called an L-metric space.

Note that 0™ denotes the L-number which has values 1 at 0 and 0 otherwise.

To each L-metric p on a set X is generated canonically a stratified L-topology 7,
which has {eo0p, | ¢ €&, © € X} as a base, where g, : X — R] is the mapping
defined by 0,(y) = o(z,y) and

£ ={anR|g: | >0, aeLl}u{a | aeL},
here @ has R} as domain and R5|R*L is the restriction of R’ on R.

In the following proposition we shall prove that every L-metric space in sense of

S. Géahler and W. Gahler ([10]) is a GTy-space.
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Proposition 2.9 Any L-metric space (X, 7,) is a GTy-space.

Proof. Let F' and G be two disjoint closed subsets of (X, 7,). Then for all z € F
and y € G we get o(z,y) # 0, that is, there exists § > 0 such that o(x,y)(26) > 0

and then R¥|p- (o(x,y)) = ( V _o(x,y)(a))' < 1.
L a>26
Let f = R5|Rz O 0y and g = Rd‘Rz O Qy. Then
flz) = Ré|R*L(Qz(l’)) = R‘;!Rz(a) =(\ 0(e) =1forall z € F,
a>d

and

9(y) = RIg: (0,(y) = Rlg: 0) = (/ 0(a)) = 1 for all y € G.

a>d

That is, f and g are open L-neighborhoods in 7, at all z € F and all y € G,
respectively, which means A N (x)(f) A A N(y)(g) = 1. From the symmetry and
the triangle inequality of Q:C;rlid from (1.3)y$vi get R5|R2(9<I7 2)) A R5|R2(Q(y, z)) <
R |- (o, )) < 1 and hence (£ A g)(z) = (RIg; © 0)() A (Rilg: 0 0,)(2) < 1
for all z € X and hence sup(f A g) < 1. Therefore, the space (X, 7,) is normal and
it is clear that (X, 7,) is a GTj-space. Thus, (X, 7,) is a GTy-space. O

Example 2.4 From Propositions 2.8 and 2.9 we get that the L-metric space in
sense of S. Géhler and W. Gahler [10] is an example of our notion of GT3:-space
2

and thus it is also an example of all our GT}-spaces, 1 = 0,1, 2, 3, 4.

A topological space (X, T) is called T if for any « # y in X, there exist neighbor-
hoods O, of x such that y ¢ O, and O, of y such that = € O,. A topological space
(X,T) is called completely regular if for all x ¢ F € T’, there exists a continuous
mapping f : (X,T) — (I,Ty) such that f(x) =1 and f(y) =0 for all y € F', where
T; is the usual topology on the closed unit interval I. A topological space (X, T) is
called T3 1 (or Tychonoff) if it is Ty and completely regular ([8]).

To show that our notion of GT31-space is an extension with respect to the functor
2

w in sense of Lowen ([23]), we need the following proposition.
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Proposition 2.10 [2] A topological space (X,T) is Ty if and only if the induced
L-topological space (X,w(T)) is GT}.

Proposition 2.11 A topological space (X,T) is T'g. if and only if the induced L-
topological space (X,w(T)) is GTg..
2

Proof. By means of Proposition 2.10, we have (X,T') is a T}j-space if and only if
(X,w(T)) is a GTy-space.

Now, let ¢ F and F € w(T) hold. Then, (soF) = soF'’ € T and hence
x & soF € T'. Since (X,T) is a completely regular space, then there exists a
continuous mapping g : (X,7T) — (I,T7) such that g(x) = 1, g(y) = 0 for all
Yy € soF = F for all & € L. It is obvious that g : (X,w(T)) — (I,w(T)) is also
L-continuous. Take h : (I,w(T7)) — (I, ) defined by h(z) =z for all z € I which
is L-continuous. Then f = hog: (X,w(T)) — (I, S) is L-continuous and f(z) =1,
f(y) =0 for all y € F. Thus, (X,w(T)) is a completely regular space and therefore
(X,w(T)) is a GT3%—space.

Conversely; if (X,w(T)) is a completely regular space and x ¢ F, F € T',
then z ¢ xr € w(T)" which means that there exists an L-continuous mapping
f:(X,w(T)) — (I1,9) and f(x) =1, f(y) =0 for all y € F. Then from that T =
(w(T'))o and I, = Tt ([18]), there could be found a mapping f, : (X,T) — (I,T7)
which is continuous and f,(x) =1, fo(y) =0 for all y € F, for all « € Ly. Hence,

(X, T) is a completely regular space and then (X,T) is a T43:-space. O
2

We shall use the following result.

Proposition 2.12 [2] Let (X, 1) be a GT\-space and let o be an L-topology on X
finer than 7. Then (X, o) also is a GTi-space.

The following proposition shows that the finer L-topological space of a GT3.-
2

space also is a GT31-space.
2
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Proposition 2.13 Let (X,7) be a GTg1-space and let o be an L-topology on X
2

finer than 7. Then (X,0) also is a GTg1-space.
2

Proof. From Proposition 2.12, we get (X, o) is a GTj-space. Consider a subbase B
for 7 and let x € X, F' € ¢/ with x € F'. Then there are By,..., B, € B such that
x € (BiN---NB,) CF'. So,x ¢ B}, Bl € 7' foralli=1,...,n. From Theorem 2.1,
we get that there exists an L-continuous mapping f; : (X,7) — (I1,S) such that
fi(z) =T and f;(y) =0 for all y € B} and for all i = 1,...,n, which is also true for
all y € (B} U---U B/), and this means, in particular, that f;(z) =1 and f;(y) =0
for all y € F; for all ¢ = 1,...,n. Since 7 C o, then anyone of these mappings
fi + X — I, gives us the required L-continuous mapping g : (X,0) — (I, S) for
which g(z) =1 and ¢(y) = 0 for all y € F. Thus, (X,0) is a completely regular

space, and therefore it is a GT3.-space. O
2

3. Initial GI3.-spaces

Denote by L-Tych the category of all GT3 1-spaces (or L-Tychonoff spaces). L-
Tych is a concrete category. We may note that the category L-Tych is a full
subcategory of the category L-Top of L-topological spaces, which is topological
over the category Set, and hence all initial lifts exist uniquely in the category L-
Tych and this means it is topological over Set. That is, all initial GT5 1-spaces
exist in L-Tych.

Proposition 1.1 states that \/ f;*(7;) is the initial L-topology of a family (7;)ic;
il
of topologies with respect to a family (f;);c; of mappings. The initial L-topology
of a family of GT3:-topologies is precisely the initial G73:-topology, this result will
2 2

be shown in the following propositions.

At first consider the case of one mapping.

Proposition 3.1 Let f : X — Y be an injective mapping and (Y, o) a GT'9.-space.
2
Then the initial L-topological space (X, = f~1(0)), of (Y, o) with respect to f, also
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is G'T'91 -space.
2

Proof. From (2) in Proposition 1.3 we have that (X, 7) is a GT}-space.

Now, let x ¢ F and F € 7 = (f~*(0)) = f~(0’). From that f is injective it
follows f(z) € f(F) and f(F') € o'. Since (Y, a) is GT31 -space, then there exists an
L-continuous mapping ¢ : (Y,0) — (I, ) such that g(f(z)) =1 and g(f(y)) =0
for all y € F. Then go f : (X,7) — (I1,9) is L-continuous and thus (X, 7) is

completely regular. Therefore, (X, 7) is a GT3.-space. O
2

Assume now that a family ((X;,7;))ier of GT31-spaces and a family (f;)ie; of
2

injective mappings f; : X — X, for some ¢ € [ are given, where I may be any class.

Proposition 3.2 The initial L-topological space (X, 7 =\ f (7)), of the family
iel
(X4, 7i))ier with respect (f;)ier, also is GT'91-space.
2

Proof. Similarly, as in proof of Proposition 3.1. O

GTgé—subspaces and GTgé—product spaces. The GT3%-SubSpaces and the
GT3 1 -product spaces, in the categorical sense, are special initial G715 1-spaces (1)
and therefore these spaces can be characterized as follows: Let (X,7) be GTj 1-
space and A a non-empty subset of X and 7 : A — X the inclusion mapping, and
let (A, 74) be the subspace of (X, 7), that is, 74 be the initial of 7 with respect to
i. Then, from Proposition 3.1, (A4,74) is a GT3%—space. Let X be the cartesian
product I1X; of the family (X;);c; and p; : X — X; be the related projections, and
let for e;;[l i€l,(X;,7) bea GT3%-Space. Let (X, Z];[I 7;) be the product space of
((Xi;7i))ier- That is, ] 7; is the initial of (7;);e; with respect to (p;)ic; and hence,
by means of Propositiloerll 3.2, we get that (X, Zl;[l 7;) is a GTgé—space.

We summarize the last dissection in the following corollary.

Corollary 3.1 The L-topological subspaces and the L-topological product spaces of
a family of GT'g1-spaces also are GT'91 -spaces.
2 2
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4. Final G’T3%-spaces

Since the category L-Tych is topological, then all final GT4:-spaces also exist ([1]).

By means of Proposition 1.1, A f;(7;) is the final L-topology of a family (7;);c; of
il
topologies with respect to a family (f;);e; of mappings. The following propositions

show that the final L-topology of a family of GT5:-topologies is a GT3.1-topology.
2 2

In case of one mapping we get this result.

Proposition 4.1 Let f : X — Y be a surjective L-open mapping and (X,7) a
GTg1-space. Then the final L-topological space (Y,o = f(7)), of (X, T) with respect

to f, also is GT9.1 -space.
2

Proof. Lety ¢ H and H € (f(7)) C f(7') hold. From that f is surjective, it follows
that there exists © ¢ F, F € 7/, where x = f~!(y) and F = f~'(H). Since (X, 1)
is a GTS%—space, then there exists an L-continuous mapping ¢ : (X, 7) — (I1,S)
such that g(z) = T and g(z) = 0 for all = € F. That is, g(f'(y)) = 1 and
g(f~(s)) = 0 for all s € H, which means that there exists a mapping h = (g o
Y (Y,0) — (I1,S) such that h(y) = 1 and h(s) = 0 for all s € H. Since f
is L-open, then int, Ao f~1 = f(int,A) < intp(f(A) = intgey(Ao f71) for all
A € L¥ which means that f~' : (Y,0) — (X, 7) is L-continuous and hence the
composition h = go f~: (Y,0) — (I1,S) is L-continuous and the space (Y, ) is a
completely regular space. From (2) in Proposition 1.3 we have (Y, o) is a GT}-space

and hence (Y, 0) is the finest GT3%-space. O

For any class I we have the following result.
Proposition 4.2 Let ((X;,7;))ier be a family of GT91-spaces and (fi)icr a family
of mappings f; : X; — X which are surjective L-open for some i € I. Then the final

L-topological space (X, 7= A fi(1:)), of the family ((X;,7;))ics with respect (fi)ier,
i€l

also is G191 -space.
2
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Proof. By a similar way as in proof of Proposition 4.1. O

The final L-topology can be constructed by the initial L-topology as follows ([1]):

Remark 4.1 For a family ((X;, 7;)):er of L-topological spaces and a family (f;)icr
of mappings f; of sets X; into a set X, the final L-topology 7 of (7;);e; with respect
(fi)ier is the infimum of the set S of all L-topologies o on X for which each 7;, i € I,
is finer than the initial L-topology of o with respect to f;. That is, 7 = /E\SU. It

is clear that the L-topologies introduced in Propositions 4.1 and 4.2 coincide with

this final L-topology 7= A o.
ceSs

GTgé-quotient spaces and GTj 1-Sum spaces. The GT3 1 -quotient spaces and
the GTS%—sum spaces, in the categorical sense, are special final GTgé—spaces ([1])
and therefore these spaces can be characterized as follows: Let (X, 7) be a GT3 1-
space and f : X — Y a surjective mapping. Then the quotient space (Y, f(7)), by
means of Proposition 4.1, is a GTS%—space. Let ((X;,7i))ier be a family of GT3%—
spaces and let (X, @ 7;) be the L-topological sum space of the family ((X;,7;))ie;-
That is, @ 7; is thfjﬁnal of (7;)ier with respect to (e;);e;. Hence Proposition 4.2
implies t}ZlEaIt (X, Zéejn) is a GTS%—space.

The last dissection can be summarized in the following corollary.

Corollary 4.1 The L-topological quotient spaces and the L-topological sum spaces
of a family of GT'g1-spaces also are GT'91-spaces.
2 2

5. The relation between our completely regular spaces and

other notions of completely regular spaces

In this section is shown that our completely regular spaces are more general than
the completely regular spaces defined by Hutton in [16], by Katsaras in [20] and by
Kandil and El-Shafee in [17].
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The relation between our completely regular spaces and the com-
pletely regular spaces in sense of Hutton. In [16] Hutton had introduced
a notion of completely regular spaces using the L-unit interval (I, <) as is denoted

in [10].

Definition 5.1 [16] An L-topological space (X, 7) is called completely regular in
sense of Hutton if for any f € 7, there exists a collection (ga)acr in L* such that

f =V ¢ and there exists an L-continuous mapping ¢ : (X, 7) — (I1, ) such that

9a(y) < gly)(1=) = A g)(t) < g(y)(0+) =V 9(v)(s) < f(y)

t<1 5>0
for all y € X.

The following proposition show that our completely regular spaces are more

general than the completely regular spaces in sense of Hutton.

Proposition 5.1 FEvery completely reqular space in sense of Hutton is completely

reqular in our sense.

Proof. Let x ¢ F, F' € 7" hold. Then xs € 7 and xp/(z) = 1 and hence xp (z) >
for all « € L and xyp = \,/ Zo. That is, there exists for all x € F’ a family
(Za)aecr such that yp = 3</€Fx7:.€LSince (X, 7) is a completely regular space in sense
of Hutton, then there exoilSth an L-continuous mapping g : (X,7) — (I1,S) such
that z,(y) < g(y)(1—) < g(y)(0+) < xp(y) for all y € X. If y € F, then we get
0 < g(y)(1-) < g(y)(0+) < 0, which means g(y) = 0 for all y € F. In case of
y =z, we get z,(r) = a < g(z)(1-) < g(x)(0+) <1 for all @ € L, and this means
g(x)(s) =1 for all s < 1, and hence g(x) = 1. Thus, (X, 7) is a completely regular

space in our sense. O
We have the following counter example.

Example 5.1 Let X = {z,y} with z # y and let 7 = {0, 1, T, T, a1V YL,V
Y1, 71 \/y%}. Then, 7 = {0, 1, YL, YL, TV YL, Ty V41 } and there is only the case
x & {y} € 7 to be studied.
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Since the mapping f : (X, 7) — (I, ) such that f(x) =1 and f(y) = 0 for all
y # x is L-continuous, then (X, 7) is a completely regular space in our sense, and

moreover it is also G71;. Hence, (X, 7) is a GT31-space.

Since r1 € 7 and x1 = V (g A Z4), then there exists a collection (ga)acr =
acl
(% A Zo)aer such that 21 = '\ ga.
2 acl

Now, for any L-continuous mapping f : (X,7) — (I, ) such that f(z) =T and
f(y) =0 for all y # x we get that the inequality

9a(2) < f(2)(1=) < f(2)(0+) < z1(2)

holds only when z = y but at z = x we get ( % Na)<1< % which is a contradiction

and hence (X, 7) is not a completely regular space in sense of Hutton.

The relation between our completely regular spaces and the com-
pletely regular spaces in sense of Katsaras. In the following we study the
relation between our completely regular spaces and the completely regular spaces in

sense of Katsaras ([20]).

Definition 5.2 [20] An L-topological space (X, 7) is called completely reqular in
sense of Katsaras if for each open L-set p in X and every z € X with p(z) > a,
a € Ly, there exists an L-continuous mapping g : (X,7) — (I1,S) such that

g(y)(0+) < u(y) and g(y)(1—) > o for all y € X.

Proposition 5.2 Fvery completely reqular space in sense of Katsaras is completely

reqular in our sense.

Proof. Let x ¢ F, F' € 7/. Then I’ € 7 and this means ym(z) = 1 > « for
all @ € L. From that (X, 7) is a completely regular space in sense of Katsaras, it
follows that there exists an L-continuous mapping g : (X,7) — (I, ) such that
V gy)(t) < xp(y) and A g(z)(s) > a for all y € X. If y € F, then we get
:\i/ZQ(y)(t) < 0, that is, g(ys)<(;f) =0 for all t > 0 and then ¢g(y) = 0. At y = x, we get
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A g(x)(s) > a for all @ € L, and then g(x) = 1. Thus (X, 7) is completely regular
s<1

in our sense. O

The following counter example introduce a completely regular space in our sense

which is not completely regular in sense of Katsaras.

Example 5.2 Taking the same example as in Example 5.1, we get (X, 7) is a GTgé—

space.

Also, for any L-continuous mapping f : (X,7) — (I1,S) with f(z) = 1 and
+ > 0 (that is, there is some

€ L such that x%(x) = a > 0). Then f(2)(1—) = 1t/\lf(z)(t) > I only if

f(y) = 0, we shall consider T1 €T with :c%(x) =

1
@ =3

2

z = x and it is not true if z = y. Also, f(2)(0+) = V f(2)(s) < m%(z) is true for
5>0

z =y but it is not true for z = x. Thus (X, 7) is not completely regular in sense of

Katsaras.

The relation between the GT3:-spaces and the ['T3.-spaces. In the
2 2
following we introduce the relation between the F'I5:-spaces defined by Kandil and
El-Shafee in [17] and our notion of GT5:-spaces.
2

Definition 5.3 [17] An L-topological space (X, 1) is called an F'T3-space if for all
x,y € X with z # y we have x,gcl;ys and cl,z, qyg for all o, 3 € L.

Definition 5.4 [17] An L-topological space (X, 7) is called completely regular in
sense of Kandil and El-Shafee if x,qf, f € 7' implies that there exists an L-
continuous mapping g : (X, 7) — (I1,<) such that g(y)(0+) < f'(y) and g(y)(1—) >
zo(y) for all y € X and o € L. (X, 7) is called an FT3%—space if it is an F'T;-space

and a completely regular space in sense of Kandil and El-Shafee.
We have shown in [2] that our GT}-spaces are more general than the F'T}-spaces.

Proposition 5.3 (2| Every FT-space is a GTi-space.
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Using Proposition 5.3, we prove in the following proposition that our GT3.-
2

spaces are more general than the F'T3:-spaces .
2
Proposition 5.4 Every FTg.-space is a GT'g1 -space.
2 2

Proof. Let (X, 7) be an FT3%-space. Then it is G'I7 from Proposition 5.3. Now,
let x ¢ F and F € 7/. Then x € F’ and x1 ¢ xr. Thus there exists an L-continuous
mapping g : (X, 7) — (Ir, ) such that g(y)(0+) < xp (y) and g(y)(1—) > 1(y) for
allye X. Aty e F, we get 0 < g(y)(1—) < g(y)(0+) <0, that is, g(y)(s) = 0 for
all s > 0, and then g(y) =0 for all y € F. In case of y = x, we get 1 < g(z)(1—) <
g(x)(04) < 1, and then g(x)(s) = 1 for all s < 1, that is, g(z) = 1. Hence, the

space (X, 7) is completely regular in our sense and thus it is a G7%31-space. O
2

Now, we have the following counter example.

Example 5.3 Let (X,7) be as in Example 5.1, that is, X = {x,y} and 7 =
{G,T,xl,x%,xl VyL, oV, oLV y%}. Then it is a GT3%-space.

Now, for g = T1 € T/, we get r1qg and ¢ = r1Vy € LX. Hence, for any L-
continuous mapping f : (X, 7) — (I, ) such that f(z) = 1 and f(y) = 0 for all
y # x we get x%(z) < f(2)(1-) = té\lf(z)(t) holds for all z € X. But, ¢'(z) =
(x1 Vyi)(z) =2 f(2)(0+) = S\>/Of(z)(s) is true for z = y and it is not true for z = =.

Thus the space (X, 7) is not FT;1-space.
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